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Abstract
We investigate classical dynamics of the bosonic string in the background metric,
antisymmetric and dilaton fields. We use canonical methods to find Hamiltonian in
terms of energy-momentum tensor components. The later are secondary constraints
of the theory. Due to the presence of the dilaton field the Virasoro generators have
nonlinear realization. We find that, in the curve space-time, opposite chirality currents
do not commute. As a consequence of the two-dimensional general covariance, the
energy-momentum tensor components satisfy two Virasoro algebras, even in the curve
space-time. We emphasize that background antisymmetric and dilaton fields are the
origin of space-time torsion and space-time nonmetricity, respectively.
PACS number(s): 11.25.-w
1 Introduction
The string propagation in the flat Minkowski space-time has been investigated for a long
time and it is well understood [1]. The dynamics of string moving in arbitrary background
metric, which can be interpreted as the nonlinear σ-model, has also been studied [2, 3, 4].
The goal of these investigations was to analyze the consistency of string dynamics in the
presence of background fields. The condition for two-dimensional conformal invariance
on the quantum level, which technically means vanishing of the renormalization group β-
function for nonlinear σ-model, produce the field equations for the background fields. The
quantization of the theory has been performed expanding the quantum fields xµ around
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the expectation value xµ0 , and using background field expansion by standard technique of
Riemann normal coordinates. This remarkable connection between the quantum feature
of the world-sheet (conformal invariance), and the classical space-time property of the
string theory (equations of motion), has been obtained perturbatively.
In this paper, we are going to investigate string propagation in the arbitrary grav-
itational, antisymmetric tensor, and dilaton background fields. We will make classical
nonperturbative investigation of the full nonlinear theory.
In Sec.2, we perform the canonical analysis, treating world-sheet fields as variables
in the theory, and space-time fields as a background depending on the coordinates xµ.
Because of the presence of the dilaton field, the conformal component of the world-sheet
metric survives, and corresponding new currents appear. The energy-momentum tensor
obtains the nonlinear realization. It is not in the Sugawara form, but is a more general
bilinear combination of the currents, plus linear term in σ derivative of the currents.
In Sec.3, Poisson bracket algebra of the currents and energy-momentum tensors com-
ponents has been investigated. Let us stress that, in spite of the fact that some oppo-
site chirality currents do not commute the energy-momentum tensors components, which
appear as secondary constraints, satisfy two Virasoro algebras as a consequence of the
world-sheet reparametrization invariance.
We also derive the Hamiltonian equations of motion, in Sec.4, using the PB relations
between the energy-momentum tensor and the currents. With the help of Lagrangian
expressions for the currents we easy convert the above Hamiltonian equations to the La-
grangian ones. Using these world-sheet equations of motion, we introduce the space-time
connection and covariant derivative in the presence of the background fields.
In the conclusion, we discus the contribution of the antisymmetric tensor and the
dilaton field to the space-time torsion and nonmetricity, respectively.
The Appendix A is devoted to the world-sheet geometry.
2 Canonical analysis of the theory
Let us consider bosonic string propagating in the non-trivial background, described by the
action [1]-[4]
S = κ
∫
Σ
d2ξ
√−g
{[
1
2
gαβGµν(x) +
εαβ√−gBµν(x)
]
∂αx
µ∂βx
ν +Φ(x)R(2)
}
. (2.1)
Here ξα (α = 0, 1) are coordinates of two dimensional world-sheet Σ and xµ(ξ) (µ =
0, 1, ...,D − 1) are coordinates of the D dimensional space-time M . The background
space-time fields: metric Gµν , antisymmetric tensor field Bµν = −Bνµ and dilaton field
Φ, depend on the coordinates xµ. The intrinsic world-sheet metric we denote by gαβ
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and corresponding scalar curvature by R(2). Through the paper we will use the notation
∂α ≡ ∂∂ξα and ∂µ ≡ ∂∂xµ .
If we parameterize the world-sheet metric tensor gαβ with the light-cone variables
(h+, h−, F ) (for details see (A.1) and papers [5, 6]) and introduce the useful combination
of background fields
Π±µν = Bµν ± 1
2
Gµν , (2.2)
we can write the action in the form
S = κ
∫
Σ
d2ξ
√−gˆ [2Π+µν ∂ˆ+xµ∂ˆ−xν +Φ(Rˆ(2) + 2∆ˆF )] , (2.3)
or more explicitly
S = κ
∫
Σ
d2ξ
1
h− − h+ [Gµν(x˙
µ + h−xµ′)(x˙ν + h+xν′)− 2(h− − h+)Bµν x˙µxν′
+ 2(Φ˙ + h−Φ′)(F˙ + h+F ′ + h+′) + 2(Φ˙ + h+Φ′)(F˙ + h−F ′ + h−′)] . (2.4)
Here in agreement with (A.4) we introduce light-cone derivatives ∂ˆ± =
√
2
h−−h+ (∂0+h
∓∂1).
We also use the following notation X˙ = ∂τX and X
′ = ∂σX for any variable X.
The momenta corresponding to the fields xµ, h± and F are
piµ =
∂L
∂x˙µ
=
κ
h− − h+ {Gµν [2x˙
ν + (h− + h+)xν′]− 2(h− − h+)Bµνxν′
+2[2F˙ + (h− + h+)F ′ + (h− + h+)′]∂µΦ} , (2.5)
pi± = ∂L∂h˙± = 0 , (2.6)
piF =
∂L
∂F˙
=
2κ
h− − h+ [2Φ˙ + (h
− + h+)Φ′] . (2.7)
From the eq. (2.7) we can solve the time derivatives of the field Φ as
Φ˙ =
1
4κ
(h−iΦ− − h+iΦ+) , (2.8)
where we introduced the currents
iΦ± = piF ± 2κΦ′ . (2.9)
We will denote the gradient of the dilaton field Φ by aµ
aµ = ∂µΦ , a
µ = Gµνaµ , a
2 = Gµνaµaν . (2.10)
We will suppose that the gradient of the dilaton field Φ(x) is not light-cone vector, and
the condition a2 6= 0 is fulfilled in the whole space-time.
Multiplying eq. (2.5) with aµ we can solve it in terms of F˙
F˙ =
1
4κ
(h−iF− − h+iF+)−
1
2
(h− + h+)′ , (2.11)
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where we define new currents
iF± =
aµ
a2
j±µ − 1
2a2
iΦ± ± 2κF ′ , (2.12)
and
j±µ = piµ + 2κΠ±µνxν ′ . (2.13)
We used the relation Φ˙ = aµx˙
µ, which allow us to trade x˙µ for Φ˙. Substituting the
expression for F˙ back into (2.5), we can solve the same equation in terms of x˙µ
x˙µ =
Gµν
2κ
(h−J−ν − h+J+ν) . (2.14)
The corresponding currents J±µ are defined as
J±µ = P T µνj±ν +
aµ
2a2
iΦ± = j±µ −
aµ
a2
j , (2.15)
and we introduce the variable
j = aµj±µ − 1
2
iΦ± = a
2(iF± ∓ 2κF ′) . (2.16)
The projection operator
P T µν = Gµν − aµaν
a2
, (2.17)
will arise frequently in this article. Let us explain its geometrical interpretation. Note
that aµ is a normal vector to the D − 1 dimensional submanifold MD−1, defined by the
condition Φ(x) = const. For a2 6= 0, the corresponding unit vector is nµ = aµ√
εa2
. Here
ε = 1 if aµ is time like vector (a
2 > 0), and ε = −1 if aµ is space like vector (a2 < 0), so
that n2 = ε. Consequently, we can interpret the expression
P T µν = Gµν − εnµnν ≡ GD−1µν , (2.18)
as a induced metric on MD−1.
The time derivatives of the fields Φ, F and xµ we expressed in terms of the correspond-
ing currents (2.8),(2.11) and (2.14). The σ derivative of the same fields we can express in
terms of the same currents
xµ′ =
Gµν
2κ
(J+ν − J−ν) , F ′ = 1
4κ
(iF+ − iF−) , Φ′ =
1
4κ
(iΦ+ − iΦ−) . (2.19)
Note that we introduce the momenta piµ, pi± and piF for two dimensional fields xµ, h±
and F , respectively. We did not introduce momentum for dilaton background field Φ,
but for convenience we have the currents iΦ± in term of which we expressed the Φ˙ and Φ′.
These variables are not independent, because of the relations Φ˙ = aµx˙
µ and Φ′ = aµxµ′,
which are equivalent to the following connection between the currents iΦ± = 2a
µJ±µ. The
last one can be confirmed directly from (2.15).
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After long but straightforward calculation, the canonical Hamiltonian density obtains
the form
Hc = h−T− + h+T+ + q′ , (2.20)
where the expressions for the energy momentum tensor components
T± = ∓ 1
4κ
(
GµνJ±µJ±ν + iF±i
Φ
±
)
+
1
2
iΦ′± = ∓
1
4κ
(
Gµνj±µj±ν − j
2
a2
)
+ i± , (2.21)
contains the useful combination of the currents
i± =
1
2
(iΦ±
′ − F ′iΦ±) . (2.22)
In the expression for the canonical Hamiltonian Hc =
∫
dσHc the term
q = −1
2
(h−iΦ− + h
+iΦ+) , (2.23)
appears only on the world-sheet boundary ∂Σ and does not contribute to the equations
of motion.
3 Virasoro algebra in the curved space-time
We shall start with basic Poisson brackets (PB) algebra
{xµ, piν} = δµν δ . (3.1)
Through the paper, we will understand that the first variable in PB depends on σ and
the second one on σ¯. We will also use the conventions δ ≡ δ(σ − σ¯), δ′ ≡ ∂σδ(σ − σ¯) and
δ′′ ≡ ∂2σδ(σ − σ¯). On the right hand side, all σ¯ dependence we will write explicitly and σ
dependence we will omit.
Let us first calculate PB between the currents j±µ, iΦ±, j and i±
{j±µ, j±ν} = ±2κ(Gµνδ′ + Γ∓µ,νρxρ′δ) , {j±µ, j∓ν} = ±2κΓ∓ρ,µνx′ρδ , (3.2)
{j±µ, iΦ±} = ±2κaµδ′ , {j±µ, iΦ∓} = ∓2κaµδ′ , (3.3)
{iΦ±, iΦ±} = 0 , {iΦ±, iΦ∓} = 0 , (3.4)
{j, j} = 0 , {j, iΦ±} = ±2κa2δ′ , {j, i±} = ∓κa2[δ′′ + F ′(σ¯)δ′] +
1
4
iΦ±(σ¯)δ
′ , (3.5)
{i±, i±} = −1
2
[i±(σ)+i±(σ¯)]δ′ , {i±, i∓} = −1
2
[i∓(σ)+i∓(σ¯)]δ′±κΦ′(δ′′+F ′δ′+F ′′δ) ,
(3.6)
{i±, iΦ±} = −
1
2
iΦ±δ
′ , {i±, iΦ∓} = −
1
2
iΦ±δ
′ . (3.7)
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The expressions Γ±ρ,µν are defined as
Γρ±νµ = Γ
ρ
νµ ±Bρνµ , (3.8)
where the first term is Christoffel connection
Γρνµ =
1
2
Gρσ(∂νGµσ + ∂µGνσ − ∂σGνµ) , (3.9)
and the second one is the antisymmetric tensor field strength
Bµνρ = ∂µBνρ + ∂νBρµ + ∂ρBµν = DµBνρ +DνBρµ +DρBµν . (3.10)
The ”generalized connection” is expressed in terms of the variables G±µν = ±2Π±µν =
Gµν ± 2Bµν in the similar way as Christoffel connection is expressed in terms of Gµν
Γ±ρ,νµ =
1
2
(∂νG±µρ + ∂µG±ρν − ∂ρG±µν) . (3.11)
For any momenta independent variables, X, we have
{X,T±} = ∓ 1
2κ
J
µ
±∂µXδ . (3.12)
Let us write the expression for the energy-momentum tensor components in the form
T± = t± ± t, where
t± = ∓ 1
4κ
Gµνj±µj±ν + i± , t =
1
4κ
j2
a2
, (3.13)
and let us introduce the combination
τ =
1
2
(j′ − F ′j) . (3.14)
Then we obtain the following algebra
{t±, t±} = −[t±(σ) + t±(σ¯)]δ′ − [τ(σ) + τ(σ¯)]δ′ , (3.15)
{t±, t}+ {t, t±} = −[t(σ) + t(σ¯)]δ′ ± [τ(σ) + τ(σ¯)]δ′ , (3.16)
{t, t} = 0 , (3.17)
which produce the Virasoro algebra for the same chirality energy-momentum tensor com-
ponents
{T±, T±} = −[T±(σ) + T±(σ¯)]δ′ . (3.18)
Similarly, for the opposite chiralities we have
{t±, t∓} = [τ(σ) + τ(σ¯)]δ′ , (3.19)
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{t±, t} − {t, t±} = ±[τ(σ) + τ(σ¯)]δ′ , (3.20)
which contribute to the fact that the opposite chirality energy-momentum tensor compo-
nents commute
{T±, T∓} = 0 . (3.21)
Consequently, the expression (2.21) presents new, non-linear realization of the Virasoro
algebras. The dilaton field Φ is the origin of the non-linearity. We want to stress, that
the opposite chirality currents generally do not commute in the curved space time, see
(3.2)-(3.7), but the opposite chirality energy-momentum tensors components commute.
The momenta pi±, defined in (2.6), are primary constraints. The total Hamiltonian
takes the form HT =
∫
dσ(Hc + λ−pi− + λ+pi+). The consistency conditions p˙i± =
{pi±,HT } = −T± produce the secondary constraints T±. As a consequence of the Vi-
rasoro algebra (3.18) and (3.21), the consistency conditions for the secondary constraints
T± are satisfied and there are no more constraints. All constraints are first class and
they are generators of two dimensional diffeomorphisms [5]. The canonical Hamiltonian
is weakly equal to zero.
4 Equations of motion
Using the expressions for the energy momentum tensor and for the currents obtained in
the previous subsections, we are going to find equations of motion for the action (2.1).
First we obtain Hamiltonian equations of motion and then the corresponding Lagrangian
ones. It is useful to define the expression V± = V µ(x)J±µ, where V µ(x) is an arbitrary
vector function of the coordinates xµ. Then with the help of (2.20) and (2.21) we have
V˙± = {V±,Hc} = −(h±V±)′ + h
− − h+
2κ
(⋆D∓µVν)Jν±J
µ
∓ , (4.1)
where we introduce notation
⋆D±µVν = ∂µVν − ⋆Γρ±νµVρ = D±µVν −
aρVρ
a2
D±µaν ,
⋆Γρ±νµ = Γ
ρ
±νµ +
aρ
a2
D±µaν = P TρσΓσ±νµ +
aρ
a2
∂µaν = Γ
ρ
νµ ± P TρσBσνµ +
aρ
a2
Dµaν .(4.2)
Under space-time general coordinate transformations the expression ⋆Γρ±νµ transforms
as a connection. It contains the Christoffel connection (3.9), itself. If we consider ⋆Γρ±νµ
as a space-time connection, then ⋆D±µ is corresponding covariant derivative. The conse-
quences of such approach we will explain in detail in the next paper [7].
We can rewrite (4.1) in the world-sheet covariant way
∇ˆ∓V± = 1√
2κ
(⋆D∓µVν)Jν±J
µ
∓ . (4.3)
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For Vµ = const, the last equation produce the equation of motion for the current J
µ
±
∇ˆ∓Jµ± +
1√
2κ
⋆Γµ∓ρσJ
ρ
±J
σ
∓ = 0 , (4.4)
and for Vµ = aµ, the equation of motion for the current i
Φ±
∇ˆ∓iΦ± = 0 . (4.5)
From (4.3) and (4.4) we also obtain
∂ˆ∓Vµ =
1√
2κ
∂νVµJ
ν
∓ . (4.6)
Similarly, the equation of motion for the current iF± has the form
∇ˆ∓iF± ±
2
√
2κ
h− − h+h
±′′ =
1√
2κa2
(D∓µaν)Jν±J
µ
∓ . (4.7)
So, (4.4), (4.5) and (4.7) are Hamiltonian equations of motion. The equations for the
momenta pi± produce the vanishing of the energy momentum tensor components T± = 0.
To obtain corresponding Lagrangian equations, it is possible to substitute the expres-
sions for the momenta into the Hamiltonian equations, but there is equivalent and simpler
approach. First we obtain the Lagrangian expressions for the currents
J±µ =
√
2κGµν ∂ˆ±xν , iΦ± = 2
√
2κ∂ˆ±Φ , iF± =
√
2κ(2∂ˆ±F ∓ ωˆ± ± ωˆ∓) , (4.8)
solving linear system of the equations, (2.14), (2.8), (2.11) and (2.19) and eliminating τ and
σ derivatives of the corresponding variables. Then, we substitute them into Hamiltonian
equations and find
∆ˆxµ − 2⋆Γµ∓ρσ∂ˆ±xρ∂ˆ∓xσ = 0 , (4.9)
∆ˆΦ = 0 , (4.10)
∆ˆF +
1
2
Rˆ(2) +
1
a2
(D∓µaν)∂ˆ±xν ∂ˆ∓xµ = 0 , (4.11)
T± = ∓κ
2
(Gµν ∂ˆ±xµ∂ˆ±xν − 2∇ˆ±∂ˆ±Φ+ 4∂ˆ±F ∂ˆ±Φ− ∆ˆΦ) = 0 . (4.12)
Note that equations (4.9) (with + and − indices) are equivalent, because of the prop-
erty ⋆Γµ±ρσ =
⋆Γµ∓σρ, as well as equations (4.11) are equivalent, because of the property
D±µaν = D∓νaµ.
The Lagrangian expression for the equation (4.6) produce just the chain rule
∂ˆ±Vµ = ∂ˆ±xν∂νVµ . (4.13)
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As a consequence of the relation iΦ± = 2aµJ±µ, the equation (4.10) follows from (4.9) and
can be obtained just multiplying the last one by aµ.
Finally, we can go from the hat variables to the original ones (see App. A) and obtain
the final form of the Lagrangian field equations
∇∓∂±xµ + ⋆Γµ∓ρσ∂±xρ∂∓xσ = 0 , (4.14)
Gµν∂±xµ∂±xν − 2∇±∂±Φ = 0 , (4.15)
R(2) +
2
a2
(D∓µaν)∂±xν∂∓xµ = 0 . (4.16)
5 Conclusions and discussion
In this paper, we investigated bosonic string theory in presence of background fields.
We used the Hamiltonian method and treated the space-time coordinates xµ and the
world-sheet metric gαβ as variables in the theory. We did the analysis for the arbitrary
background fields as functions of the string coordinates.
We obtained a new, nonlinear realization of the energy-momentum tensor components
(2.21). They satisfy two independent Virasoro algebras, which is expected because the
theory is invariant under world-sheet reparametrization. These components are bilinear
in the currents or linear in the σ derivative of the currents. All currents are linear in the
momenta and in the σ derivative of the fields. Let us stress that the opposite chirality
components of the energy-momentum tensor commute, (3.21), in spite of the fact that
the corresponding currents do not commute. Using appropriate commutation relations we
obtain the Hamiltonian equations of motion which easily produce the Lagrangian ones.
The equations of motion (4.14)-(4.16) offer the possibility to investigate the dynamics
of the string, propagating in the curved target space. Starting with the given stringy
connection (4.2), let us here shortly discuss the main features of the target space geometry.
The space-time observed by the string moving in the background Gµν , Bµν and Φ, we will
call stringy space-time.
The antisymmetric part of the stringy connection is the stringy torsion
⋆T±ρµν ≡ ⋆Γ±ρµν − ⋆Γ±ρνµ = ±2P TρσBσµν , (5.1)
which is the transverse part of the field strength of the antisymmetric tensor field Bµν .
We define the stringy parallel transport as usual
⋆δ±V µ = −⋆Γµ±ρσV ρdxσ . (5.2)
The metric postulate is defined by the demand, that after parallel transport the metric is
equal to the local one. The most interesting feature of the stringy geometry is the breaking
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of the space-time metric postulate. The stringy nonmetricity
⋆Q±µρσ ≡ −⋆D±µGρσ = 1
a2
D±µ(aρaσ) , (5.3)
is different from zero, which means that metric Gµν is not compatible with stringy con-
nection ⋆Γµ±νρ. Consequently, during parallel transport the length and angle deformations
depend on the vector field aµ.
So, with the help of the equations of motion, we recognize the expressions ⋆Γρ±µν as
stringy connections. It helps us to conclude that the string can feel the space-time torsion
and nonmetricity. The more detailed investigation of the stringy geometry and geometrical
interpretation of the equations of motion will be presented in [7].
A World-sheet geometry in the light-cone basis
In this appendix we present our notations and conventions concerning intrinsic world sheet
geometry in the light-cone basis.
We parameterize the world-sheet metric gαβ with light-cone variables (h
+, h−, F ) [5, 6]
gαβ = e
2F gˆαβ =
1
2e
2F
(−2h−h+ h− + h+
h− + h+ −2
)
. (A.1)
The interval of the world-sheet Σ
ds2 = gαβdξ
αdξβ = 2dξ+dξ− , (A.2)
can be expressed in terms of the light-cone coordinates
dξ± =
±1√
2
eF (dξ1 − h±dξ0) = eFdξˆ± = e±αdξα . (A.3)
The quantities e±α define the light-cone one form basis θ± = e±αdξα, and its inverse define
the tangent vector basis e± = e±α∂α = ∂±. In this basis, components of the arbitrary
vector Vα are
V± = e−F Vˆ± = e±αVα =
√
2e−F
h− − h+ (V0 + h
∓V1) . (A.4)
The world-sheet covariant derivatives on tensor Xn are
∇±Xn = (∂± + nω±)Xn , (A.5)
where the number n is sum of the indices, counting index + with 1 and index − with −1,
and
ω± = e−F (ωˆ± ∓ ∂ˆ±F ) , ωˆ± = ∓
√
2
h− − h+h
∓′ , (A.6)
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are two dimensional Riemannian connections. In this notations the world-sheet scalar
curvature has the form
R(2) = 2∇−ω+ − 2∇+ω− . (A.7)
We also use the relation
√−gR(2) =
√
−gˆ(Rˆ(2) + 2∆ˆF ) , (A.8)
where
∆ˆ = −2∇ˆ±∂ˆ∓ , (A.9)
is the Laplace operator.
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